Abstract. Let (M, g) be a complete Riemannian 3-manifold that is asymptotic to Schwarzschild with positive mass and which has non-negative scalar curvature.
Introduction
Let (M, g) be a Riemannian 3-manifold with non-negative scalar curvature. The Hawking quasi-local mass
of a closed stable constant mean curvature sphere Σ ⊂ M is non-negative. This crucial insight of D. Christodoulou and S.-T. Yau [13] has initiated the use of such surfaces to test the strength of the gravitational field in the context of maximal initial data (M, g) for the Einstein equations. When (M, g) is asymptotic to Schwarzschild with positive mass, then a foundational result of G.
Huisken and S.-T. Yau [28] and its refinement by J. Qing and G. Tian [42] show that the large stable constant mean curvature spheres that include the center of (M, g) foliate the complement of a compact subset of M . In particular, they give rise to a canonical coordinate system of the end of (M, g). Moreover, G. Huisken and S.-T. Yau [28] show that these surfaces give rise to a definition of a geometric center of mass of (M, g). We also mention in this context the recent work of C. Cederbaum and Ch. Nerz [8] , and the survey of the related literature therein. The role of outlying closed stable constant mean curvature spheres Σ ⊂ M has remained opaque for a long time. It was recently shown by S. Brendle and the second-named author [4] that large outlying stable constant mean curvature spheres can exist in (M, g) asymptotic to Schwarzschild manifolds with positive mass. The methods developed in [4] illustrate how the key tool -based on the study of mass flux integrals -employed in [28, 42] loses its grip in this setting. Their work (see Theorem 1.6 below) points at the subtle role of scalar curvature in this problem.
In this paper, we complete the unconditional characterization as leaves of the canonical foliation of large connected closed embedded stable constant mean curvature surfaces when (M, g) is asymptotic to Schwarzschild with positive mass.
We lay out standard notions and conventions that we follow throughout this paper in Appendix A.
We begin with a precise statement of the result of G. Huisken and S.-T. Yau [28] .
Theorem 1.1 (G. Huisken and S.-T. Yau [28] ). Let (M, g) be a complete Riemannian 3-manifold that is C 4 -asymptotic to Schwarzschild with mass m > 0. There is a certain family of embedded stable constant mean curvature spheres {Σ H } 0<H<H 0 that foliate the complement of a compact subset C ⊂ M . For every s ∈ (1/2, 1], there is 0 < H 0 (s) < H 0 with the following property. Let 0 < H < H 0 (s). Then Σ H is the unique stable constant mean curvature sphere of mean curvature H in (M, g) that encloses the centered coordinate ball B H −s .
The surface Σ H is close to the centered coordinate sphere S 2/H . R. Ye [47] has given an alternative construction of the foliation. It has been shown by J. Metzger [34] that Theorem 1.1 holds when (M, g) is C 2 -asymptotic to Schwarzschild with positive mass.
The uniqueness statement in Theorem 1.1 has been sharpened in the work of J. Qing and G. Tian [42] . Theorem 1.2 (J. Qing and G. Tian [42] ). Assumptions as in Theorem 1.1. The following uniqueness result holds, possibly after shrinking H 0 > 0 first and increasing the compact subset C ⊂ M accordingly. Among all stable constant mean curvature spheres in (M, g) that enclose C, Σ H is the unique one with mean curvature H.
We refer to {Σ H } 0<H<H 0 as the canonical foliation of the end of (M, g). We explain in Appendix B why large closed stable constant mean curvature surfaces Σ ⊂ M are necessarily spheres, provided their inner radius r 0 (Σ) is sufficiently large. This extends the scope of the uniqueness statement in Theorems 1.1 and 1.2 to surfaces of all genus.
If we include the assumption of non-negative scalar curvature, these uniqueness statements can be sharpened further. To explain this, we recall the following result from our joint work with A. Carlotto [6] . Theorem 1.3 (A. Carlotto, O. Chodosh, and M. Eichmair [6] ). Let (M, g) be a complete Riemannian 3-manifold that has non-negative scalar curvature and which is C 2 -asymptotic to Schwarzschild with mass m > 0. Let C ⊂ M be compact. There is a constant α(C) > 0 with the following property. Every connected closed stable constant mean curvature surface Σ ⊂ M with
is disjoint from C.
The same conclusion holds for asymptotically flat complete Riemannian 3-manifolds whose scalar curvature is positive everywhere, as was proven in earlier joint work of J. Metzger with the second-named author [16] . The proof of [16, 6] are closely related to the mechanism behind the minimal hypersurface proof of the positive mass theorem due to R. Schoen and S.-T. Yau [44] .
In conjunction with Theorems 1.1 and 1.2, one obtains the following corollary.
Corollary 1.4. Assumptions as in Theorem 1.3. Fix a point p ∈ M . Every connected closed stable constant mean curvature surface Σ ⊂ M that has sufficiently large area and which encloses p is part of the canonical foliation.
We now turn to the available uniqueness and non-uniqueness results for closed stable constant mean curvature surfaces that do not enclose the center of the manifold. We call such surfaces outlying. In general, the conclusions of Theorems 1.1 and 1.2 fail for such spheres. Theorem 1.5 (S. Brendle and M. Eichmair [4] ). Let η > 0 and m > 0 be given. There is a complete Riemannian 3-manifold (M, g) that is smoothly asymptotic to Schwarzschild with mass m > 0 as well as a sequence of outlying stable constant mean curvature spheres Σ k ⊂ M with
To elaborate, in [4] , one chooses ξ ∈ R 3 with 2(|ξ| − 1) = η. For an appropriate sequence of λ k → ∞, Σ k is a perturbation of the coordinate sphere S λ k (λ k ξ) in the chart at infinity. In
In stark constrast, it has been shown in [4] that -under slightly stronger assumptions on the metric -no such examples can exist when the scalar curvature of (M, g) is non-negative. Theorem 1.6 (S. Brendle and M. Eichmair [4] ). Let (M, g) be a complete Riemannian 3-manifold that is asymptotic to Schwarzschild with mass m > 0 in the following sense:
with corresponding estimates for all partial derivatives of order ≤ 4, and where T ij is homogeneous of degree −2. Assume that the scalar curvature satisfies R ≥ −o(|x| −4 ). There is no sequence of stable constant mean curvature surfaces Σ k in M with
In our forthcoming work [11] , we investigate further the role of homogeneity in (1) and scalar curvature in the previous result. In particular, we show that the conclusion of Theorem 1.6 can fail if we drop the homogeneity condition on T ij -even when the scalar curvature is nonnegative. However, we may replace this condition by the assumption that the scalar curvature is -to highest order -radially non-increasing.
Theorem 1.7 ([11]
). Let (M, g) be a complete Riemannian 3-manifold that is C 5 -asymptotic to Schwarzschild with positive mass. We also assume that the scalar curvature satisfies
There is is no sequence of stable constant mean curvature surfaces Σ k in M with
Note that if (M, g) satisfies the homogeneity condition (1) in Theorem 1.6, then the assumption (2) on the scalar curvature in Theorem 1.7 is equivalent to R ≥ −o(|x| −4 ).
1.1. Main results. Our main contribution is to completely resolve the picture for outlying large closed stable constant mean curvature surfaces Σ ⊂ M by showing that their distance r 0 (Σ) from the center of (M, g) is at least comparable to their area radius area(Σ)/(4π) ∼ 2/H(Σ). Theorem 1.8. Let (M, g) be a complete Riemannian 3-manifold whose scalar curvature is nonnegative 1 and which is C 2 -asymptotic to Schwarzschild with mass m > 0. There is a constant η > 0 with the following property. For every outlying 2 connected closed stable constant mean curvature surface Σ ⊂ M of sufficiently large area, we have
The center of mass flux integrals on which the proofs of Theorems 1.1 and 1.2 are based vanish on outlying surfaces. We have to develop a new strategy for the proof of Theorem 1.8.
To obtain the optimal unconditional uniqueness result for large closed stable constant mean curvature surfaces, it remains to rule out outlying such Σ ⊂ M for which the quantity r 0 (Σ)H(Σ) in (3) is very large. Geometrically, this condition means that the distance of the surface from the center of (M, g) is much larger than its area radius. In our forthcoming work [11] , we will rule out the existence of such surfaces appropriately extending the Lyapunov-Schmidt reduction of [4] to this regime. In particular, combining Theorem 1.8 with the analysis contained in [11] will yield Theorem 1.9. Let (M, g) be a complete Riemannian 3-manifold that is C 6 -asymptotic to Schwarzschild of mass m > 0. We also assume that the scalar curvature is non-negative and satisfies
outside of a bounded set in the chart at infinity. Then, every connected closed stable constant mean curvature surface Σ ⊂ M of sufficiently large area is part of the canonical foliation.
The analysis of the Lyapunov-Schmidt reduction that we present in [11] is quite involved. It turns out that the conclusion of Theorem 1.9 can fail under marginally weaker assumptions on the scalar curvature.
We conclude with an important special case of Theorem 1.9 is as follows:
) be a complete Riemannian 3-manifold that is C 6 -asymptotic to Schwarzschild of mass m > 0 and whose scalar curvature vanishes. Every connected closed 1 As in [4] , it suffices to assume R ≥ −o(|x| −4 ). We will not belabor this point further. 2 Recall that outlying means that Σ encloses a bounded region that is disjoint from the center of the manifold.
The case where Σ is not outlying is completely understood by earlier work; cf. Corollary 1.4. stable constant mean curvature surface Σ ⊂ M of sufficiently large area is part of the canonical foliation.
1.2.
Overview of related results. L.-H. Huang [22, 23] has extended the conclusion of Theorem 1.1 to the case of asymptotically even asymptotically flat initial data (M, g). Subsequently, C. Nerz [36] has extended thesse results to general asymptotically flat metrics. S. Ma [31, 33] has extended Theorem 1.2 to asymptotically flat (M, g) with q = 1 in (23) . We also mention the recent work of C. Cederbaum and C. Nerz [8] on the relationship between the canonical foliation and the center of mass of (M, g). C. Nerz [37] has developed a characterization of asymptotically flat data via existence of a foliation through stable constant mean curvature spheres under certain conditions. S. Ma [32] discusses the importance of stability in these results.
We cannot drop the condition that the metric be asymptotic to Schwarzschild with positive mass in Theorem 1.8, Theorem 1.9 or Corollary 1.10. Indeed, A. Carlotto and R. Schoen [7] have given examples of complete Riemannian 3-manifolds (M, g) that are asymptotically flat (23) with q < 1 and which vanishing scalar curvature that contain a Euclidean half-space. In particular, such (M, g) contain many stable constant mean curvature spheres of any volume. On the other hand, in joint work [12] with Y. Shi and H. Yu, we have shown that in every asymptotically flat complete Riemannian 3-manifold except Euclidean space, the leaves of the canonical foliation are the unconditionally unique solutions of the isoperimetric problem for the volume they enclose. Note that such a conclusion fails dramatically in Euclidean space. [12] ). Let (M, g) be a complete Riemannian 3-manifold that is C 2 -asymptotically flat and which has non-negative scalar curvature. Unless (M, g) is isometric to flat R 3 , for every sufficiently large V > 0, there is a unique surface of least area that encloses volume V in (M, g). This surface is a leaf of the canonical foliation.
We also refer to earlier joint work of the second-named author and J. Metzger [17, 18] that establishes Theorem 1.11 (in all dimensions) for (M, g) C 0 -asymptotic to Schwarzschild with positive mass and without assumption on the scalar curvature, building on an ingenious argument developed by H. Bray [2] to characterize the isoperimetric regions in exact Schwarzschild (4) . The proof of Theorem 1.11 uses crucially insights of G. Huisken [24, 26] on quasi-local isoperimetric mass as well as the ideas and contributions of X.-Q. Fan, P. Miao, Y. Shi, and L.-F. Tam [19] and of J. Jauregui and D. Lee [29] .
We remark that analogous questions about large stable constant mean curvature surfaces and about the isoperimetric problem can also be asked in asymptotically hyperbolic geometries. A. Neves and G. Tian have proven results [38, 39] along the lines of Theorem 1.1. The isoperimetric problem has been studied by J. Corvino, A. Gerek, M. Greenberg and B. Krummel [14] , the first-named author [10] , and D. Ji, Y. Shi, and B. Zhu [30] . We emphasize that there are no results analogous to Theorem 1.9 or Theorem 1.11 in this setting. These questions seem very hard.
Finally, we mention the work of S. Brendle [3] on the global uniqueness of closed embedded constant mean curvature surfaces in the exact Schwarzschild geometry. Theorem 1.12 (S. Brendle [3] ). Let m > 0. Every closed constant mean curvature surface in the exact Schwarzschild geometry {x ∈ R 3 : |x| ≥ m/2},
is a centered coordinate sphere {x ∈ R 3 : |x| = r} where r ≥ m 2 .
Note that this result does not require the surfaces to be large or stable. Comparing this quantity with its Euclidean counterpart
we discover a favorable term
owing to the Schwarzschild background. Bounding (5) from above yields an estimate of r 0 (Σ) from below.
However, in order to capitalize on this potentially good term (5), we need to control error terms related to the deviation of the Euclidean mean curvature of Σ from constant. Controlling such deviation in L 2 is sufficient for us, so at first pass, we refer to a quantitative version of Schur's lemma due to C. De Lellis and S. Müller. This leads to the a priori estimate for mean curvatureH = H O(1).
In conjunction with Allard's theorem and a blow-down argument, this estimate gives us strong analytic control on Σ. More precisely, it follows that Σ is C 1,α -close to a large coordinate sphere in the chart at infinity. coming from the Euclidean bending energy and the Christodoulou-Yau estimate. However, at this point, the proximity in C 1,α of Σ to a large coordinate sphere allows us to show that the classical Minkowski inequality (with the sharp constant) almost holds for Σ. Using this inequality instead of the De Lellis-Müller estimate, we obtain improved roundness estimates for Σ. With these new estimates, the error terms that arise in the argument can all be absorbed into the favorable terms (6), and we can finish the argument by using the full force of the ensuing estimate for (5) in terms of H. many helpful conversations on the subject of this paper over the years. O. Chodosh has been supported in part by the EPSRC grant EP/K00865X/1. M. Eichmair has been supported by the START-Project Y963-N35 of the Austrian Science Fund.
Proof of Theorem 1.8
Let (M, g) be a complete Riemannian 3-manifold with non-negative scalar curvature that is asymptotic to Schwarzschild with mass m > 0.
In the chart at infinity, we have
where
as |x| → ∞ for all multi-indices I with |I| = 0, 1, 2. We let
in the chart at infinity. We write
to denote the position vector field. We will compute geometric quantities with respect to g, the Euclidean metricḡ, and the Schwarzschild metric g m in the chart at infinity. To distinguish them, we add a bar for Euclidean quantities and a subscript S for Schwarzschild quantities.
Let Σ ⊂ M be an outlying connected closed stable constant mean curvature surface with large area. It follows from Theorem 1.3 that the region enclosed by Σ is disjoint from B 2 . We explain in Appendix B why Σ has the topology of a sphere.
We identify Σ with the corresponding surface in the chart at infinity and abbreviate
We use dµ, h, and H to denote the surface measure, the second fundamental form, and the mean curvature of Σ. Error terms of the form o(1) in the argument below are as area(Σ) → ∞.
From the work of D. Christodoulou and S.-T. Yau [13] , we have
Moreover, by Corollary B.7,
By Lemma 5.2 in [28] , for every γ > 2,
Lemma 2.1 (Area element comparison). We have
Proof. This is a straightforward computation; see, for example, [27, p. 418].
Lemma 2.2 (Mean curvature comparison).
We have
Proof. Consider the conformally related metriĉ g =ḡ +σ where σ = 1 + m 2|x| 4σ and note that 1 + m 2|x|
|x| 3ĝ (X,ν) by e.g. Lemma 1.4 in [28] . On the other hand, we know from e.g. [27, p. 418 ] that
and hence, using elementary estimates,
The assertion follows.
by conformal invariance. Moreover,
A standard estimate, cf. [27, pp. 417-418], gives
Using Young's inequality, we obtain
Using the previous estimates together with (7) and (9), we obtain
This proves the assertion.
By work of C. De Lellis and S. Müller [15] , there is a constant Γ > 1 such that
holds for appropriate choice of λ > 0.
We will use (12) to derive an estimate (15) for the Hawking mass of Σ that is positioned against the Christodoulou-Yau estimate (7). The deviation from Schwarzschild is treated as error in this part of the argument. 
In particular, we obtain the following coarse estimate
As area(Σ) → ∞, using the full estimate above, we have that
We use (14) to estimate the second line.
The first of these terms is precisely the Schwarzschild contribution.
We now expand the Schwarzschild term.
Observe that Σḡ (X,ν) |x| 3 dμ = 0 since Σ does not enclose the origin. We choose τ with 2 < τ < 8/3 and continue to estimate.
We use the estimate of De Lellis and Müller (12) on the second line. We also combine the third with the last line.
We estimate the second line using the standard estimateH = H + O(|x| −2 ) + O(|h||x| −1 ); cf.
[27, p. 418].
It remains to estimate the contribution of the deviation σ from Schwarzschild in the above expression for Σ H 2 dµ. The coarse bound
is all we need here.
In conclusion, we obtain
3 It would be possible to relate this expression to the integral of the scalar curvature of g over Ω by repeating the integration by parts as in the proof of Lemma 7.4 in [27] . However, the resulting term has an unfavorable sign. Indeed, positive scalar curvature tends to increase the Hawking mass.
Combining the Christodoulou-Yau estimate (7) with (11), (13), and (15), we obtain 2 3
We emphasize that the second term in the first line of (16) is owed to the Schwarzschild background. It can be estimated effectively as follows.
Lemma 2.4.
There is c > 0 depending only on (M, g) such that
provided area(Σ) is sufficiently large.
Proof. If we rescale the chart at infinity homothetically by the inner radius r 0 , then the rescaled surface Σ is smoothly close to a plane a unit distance from the origin.
We can now prove a preliminary version of Theorem 1.8. The proof uses the crucial bound
which follows from the Christodoulou-Yau estimate (7), the upper bound for the Hawking mass obtained in Proposition C.1 using global arguments developed by G. Huisken and T. Ilmanen [27] , and Corollary B.7.
Lemma 2.5. There is η > 0 so that
Proof. We choose τ = 3 in (16). Rearranging (16) and using (17), we obtain 
. Upon passing to a subsequence, the rescaled surfaces
converge in C 1,α to a unit coordinate sphere S 1 (ξ) where ξ ∈ R 3 with |ξ| = 1.
Proof. The subsequential convergence (smooth with multiplicity one) away from the origin follows from Lemma 3.1 in [42] ; see the proof of Proposition B.6 for an alternative argument. The result is now an immediate consequence of Allard's regularity theorem, cf. [46, Theorem 23.1], using (20) and the area-growth bound from Lemma B.4.
Lemma 2.7. We have that
Proof. It follows from (8) and (11) that
Moreover, by (11) and (7),
Combining the Minkowski inequality proved in Proposition D.4 with Corollary 2.6, we find
where λ > 0 satisfies 2
From this, the Gauss equation, and the Gauss-Bonnet formula, we obtain the desired estimate by
Note that (21) just says that (16) holds with Γ = 1 + o(1) for our surface Σ. Thus,
We choose τ > 2 and δ > 0 so that
It follows that
where we have also used (13) . Together with Lemma 2.4, this gives
In other words, there is η > 0 with η < r 0 (Σ)H(Σ).
This completes the proof of Theorem 1.8.
Appendix A. Terminology and conventions
Let (M, g) be a complete Riemannian 3-manifold. We say that (M, g) is C k -asymptotically flat of rate q > 1/2 if there exist a compact set K ⊂ M and a diffeomorphism
such that -in this chart at infinity -we have (23) g
with corresponding estimates for all partial derivatives up to and including order k. We also assume that the boundary of M is a minimal surface in (M, g), and that there are no other closed minimal surfaces in M except for the components of the boundary. As discussed in Section 4 of [27] , it follows that M is diffeomorphic to the complement of a finite union of open balls with disjoint closures in R 3 . Finally, we require that the scalar curvature of (M, g) is integrable. Given r > 1, we write S r for the surface in M that corresponds to the centered coordinate sphere {x ∈ R 3 : |x| = r} in the chart at infinity. We let B r denote the bounded open region in M that is enclosed by S r . Given a subset A ⊂ M , we let r 0 (A) = sup{r > 1 : A ∩ B r = ∅}.
We say that (M, g) is C k -asymptotic to Schwarzschild with mass m > 0 if, instead of (23), the stronger decay condition
holds, where
for all multi-indices I of order |I| ≤ k.
In this paper, we consider surfaces Σ ⊂ M where M is a 3-manifold. We emphasize that this diction means that Σ is an embedded surface.
A stable constant mean surface in a Riemannian manifold is a stable critical point of the area functional with respect to compactly supported, volume preserving deformations. Surfaces that enclose a given amount of volume with the least amount of area possible, i.e. isoperimetric surfaces, have this property. then Σ is smoothly close to a coordinate sphere in the chart at infinity.
Proof. This follows from a straightforward scaling argument; cf. [4, p. 676 ].
Lemma B.2. We have that
Proof. As noted in Lemma 2.5 in [16] , the estimate of the Hawking mass due to D. Christodoulou and S.-T. Yau in [13] for surfaces Σ with genus zero can be adapted to surfaces of larger genus using Brill-Noether theory, exactly as in the proof of Theorem 12 in [43] . This leads to the estimate
The assertion now follows as in the proof of Proposition 5.3 in [28] for surfaces of genus zero.
Lemma B.3. There is a constant c > 0 depending only on (M, g) and η > 0 such that
Proof. This follows from a scaling argument; cf. Section 2 in [16] and the references therein.
Lemma B.4. There are constants r 0 > 1 and c > 0 depending only on (M, g) and η > 0 such that
Proof. This follows from Lemma B.3 in [16] using (25) and (26) .
In the following lemma, we recall a version of the classical Bernstein theorem. The idea of the proof below goes back to L. Simon [45] .
Lemma B.5. Let Σ ⊂ R 3 \{0} be a non-empty, connected, properly embedded, two-sided surface without boundary such that
Then Σ is a plane.
Proof. Using the quadratic area-growth, we can find a sequence of functions f j ∈ C ∞ c (Σ) with f j → 1 locally uniformly and
For example, we may use for f j : Σ → R a smooth version of the function
Proposition B.6. There is a constant r 0 > 1 depending only on (M, g) such that r 0 (Σ) ≥ r 0 =⇒ Σ has genus zero.
Proof. If r 0 (Σ i )H(Σ i ) ≥ η for some η > 0 fixed, this follows immediately from Lemma B.1. As such, it suffices to consider a sequence
Let x i ∈ Σ i be a critical point of the distance function | · | restricted to Σ i in the chart at infinity. We claim that for all i sufficiently large, the critical point is a non-degenerate local minimum or local maximum. To see this, let r i = |x i | and consider the rescaled surfaces
in the chart at infinity. We denote the rescaled critical points byx i . The corresponding rescaling of the asymptotically flat metric converge to the Euclidean metric on R 3 \ {0}. We have that
where both the second fundamental form and the area are computed with respect to the Euclidean metric. We view these surfaces as immersions with base pointsx i . Upon passing to a subsequence, we may extract a limiting immersion ϕ ∞ : Σ ∞ → R 3 \ {0} with base point x ∞ so ϕ(x ∞ ) = lim i→∞xi =x ∞ . Note that this immersion is tangent to S 1 (0) at x ∞ . Moreover, the immersion is complete away from the origin. In fact, it inherits the bounds for its curvature and its (quadratic) area growth from the sequence. Finally, note that it is a stable constant mean curvature immersion that does not cross itself. Assume first that the constant mean curvature of the limiting immersion vanishes. A compensation argument as in the proof of Lemma 3.2 in [16] shows that ϕ ∞ : Σ ∞ → R 3 \ {0} is stable as a minimal immersion. We may adapt the proof of Lemma B.5 to this situation to conclude that such an immersion is a plane. This plane is tangent to S 1 (0) atx ∞ .
Assume now that the constant mean curvature of the limiting immersion is non-zero. Using (25) and the curvature bounds, we see that ϕ ∞ : Σ ∞ → R 3 \ {0} is bounded. We may apply a variation of the argument of J. Barbosa and M. do Carmo [1] due to F. Morgan and M. Ritoré [35] to handle the potential singularity at the origin to show that the limiting immersion is umbilic and thus a sphere. This sphere is tangent to S 1 (0) atx ∞ .
Elementary Morse theory implies that Σ i has genus zero provided that i is sufficiently large.
The argument in the corollary below is contained in the proof of Proposition 5.3 in [28] . We include the argument for completeness.
Corollary B.7 ([28]). We have
Proof. Thanks to Proposition B.6, we may assume that Σ has genus zero. We then know that
from the results Lemma 5.2 and Proposition 5.3 in [28] . According to the Gauss equation,
The asserted estimate (28) follows form the Gauss-Bonnet formula and the preceding estimates.
Appendix C. Estimates for the Willmore deficit
An estimate of the form (29) has been given in [10, 12] for isoperimetric regions. It has been noted in Appendix C of [9] that these arguments carry over to the case where Σ is not necessarily outward minimizing. We adapt these ideas below.
Proposition C.1. Assume that (M, g) is a complete asymptotically flat Riemannian 3-manifold with non-negative scalar curvature. Let Σ ⊂ M be a stable constant mean curvature sphere with Σ ∩ B 2 = ∅. Then,
as r 0 (Σ) → ∞ and area(Σ) → ∞.
Proof. Let Ω ⊂ M be the unique compact region Ω ⊂ M with Σ = ∂Ω. We let Ω ′ ⊂ M denote its least area enclosure in (M, g). Recall from Theorem 1.3 in [27] that the boundary Σ ′ of Ω ′ is a C 1,1 surface that is smooth away from Σ. By [27, (1.15) ], the weak mean curvature of Σ ′ satisfies H Σ ′ = 0 on Σ ′ \ Σ and H Σ ′ = H Σ for H 2 -a.e. point in the coincidence set Σ ′ ∩ Σ. In particular, we have
There is a weak solution in the sense of [27, p. 365 ] to inverse mean curvature flow starting at Σ ′ by Lemma 5.6 in [27] . The monotonicity of the Hawking mass along the flow [27, (5.24) Following the proof of Proposition B.6, if we rescale by r = area(Σ)/(4π) in the chart at infinity, then the rescaled surfaceΣ is smoothly close to a unit radius coordinate sphere in R 3 \ {0} by (28) . (An alternative proof of this assertion is given in Lemma 3.1 of [42] .) A coarse Euclidean comparison scales back to the estimate area(Σ) = (1 + o(1)) area(Σ ′ ). (32) The assertion follows from combing (30) , (31) , and (32). The computation in the proof of Proposition 4.1 in [41] shows that
To see that M ′′′′ (t) has the asserted form, we recall the quasi-linear structure of mean curvature below.
We briefly recall the quasi-linear structure of mean curvature that is used in the proof of (33). Let U ⊂ R m be open. The mean curvature vector field of an immersion ϕ : U → R n is given by
Here, g ij = (∂ i ϕ) · (∂ j ϕ)
are the components of the first fundamental form, g ij are the components of its inverse, and
are the Christoffel-symbols. This expression is linear in the second order partial derivatives of the immersion.
Next, note that there is a universal constant δ ∈ (0, 1/2) -independent of a particular choice of f -with the following property. For every v ∈ B δ (0), the translate Σ+v is a C 2 graph over S.
Lemma D.2. Assume that Σ ⊂ R 3 is the graph of a function f ∈ C 1 (S) with small norm. There is v ∈ R 3 small such that the translate Σ ′ = Σ + v is the graph of a function f ′ ∈ C 1 (S) with small norm so that
We may homothetically rescale Σ ′ slightly to the graph of a function f ′′ ∈ C 1 (S) where 
